Boundary-induced bulk phase transition and violation of Fick's law in
  two-component single-file diffusion with open boundaries by Brzank, Andreas & Schuetz, Gunter M.
ar
X
iv
:c
on
d-
m
at
/0
61
17
02
v1
  [
co
nd
-m
at.
so
ft]
  2
8 N
ov
 20
06
Boundary-indued bulk phase transition and violation of Fik's law
in two-omponent single-le diusion with open boundaries
Andreas Brzank
1
, Gunter M. Shütz
2
1
Fakultät für Physik und Geowissenshaften,
Universität Leipzig, Abteilung Grenzähenphysik,
Linnestrasse 5, D-04103 Leipzig, Germany
2
Institut für Festkörperforshung, Forshungszentrum Jülih, 52425 Jülih, Germany
∗
(Dated: June 9, 2018)
Abstrat
We study two-omponent single-le diusion inside a narrow hannel that at its ends is open and
onneted with partile reservoirs. Using a two-speies version of the symmetri simple exlusion
proess as a model, we propose a hydrodynami desription of the oarse-grained dynamis with
a self-diusion oeient that is inversely proportional to the length of the hannel. The theory
predits an unexpeted nonequilibrium phase transition for the bulk partile density as the external
total density gradient between the reservoirs is varied. The individual partile urrents do not in
general satisfy Fik's rst law. These results are onrmed by extensive dynamial Monte-Carlo
simulations for equal diusivities of the two omponents.
∗
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I. INTRODUCTION
One-dimensional exlusion proesses belong to the most studied models in non-
equilibrium statistial mehanis [1, 2℄. Their appliations are manifold. Among others,
the symmetri exlusion proess (SEP) plays a role in diusion where partiles, onned in
a narrow tube, are not allowed to pass eah other [3℄. This kind of diusive restrition is
referred to as single-le diusion and diers qualitatively from normal diusion desribed
by Fik's law. Whereas in the latter ase the mean-square displaement of a single partile
grows proportional to time, diusion is muh slower in the single-le ase due to mutual
bloking of the partiles. The mean-square displaement grows (for late times) proportional
to the square root of time. The anomalous behaviour of the mean-square displaement
usually serves as an experimental indiation for the ourrene of single-le diusion. This
requires to trae a single or more partiles whih implies to label a ertain subset of partiles
without hanging the diusion properties. This orresponds to having a two-speies partile
system with idential diusion oeients [4℄. Single-le diusion is a generi phenomenon
observed many years ago for moleules diusing in the hannels of ertain zeolites [5℄. More
reently, single-le behaviour has been demonstrated in the transport of olloidal spheres
onned in one-dimensional hannels [6℄. Moreover onned 1D random motion plays a role
in narrow arbon nano tubes, in biologial systems like moleular motors or in non-physial
systems suh as automobile tra ow [7℄. Also the famous repton model by Rubinstein
and Duke [8, 9, 10, 11℄ for the motion of single polymer hains, is a lattie gas model of this
kind. Further motivation for employing single-le diusion with multiple speies omes from
reent two-speies measurements in zeolites [12℄. Here, a mixture of toluene and propane
was adsorbed into dierent zeolites. The authors measured the temperature dependent out-
ow and notied a trapping eet, i.e. in a ouple of zeolites the stronger adsorbed toluene
moleules inuene and ontrol the outow of propane.
In [13℄ the authors review the Maxwell-Stefan theory desribing the diusive behaviour
of a binary uid mixture where the total urrent, i.e. the sum of both speies, is zero.
The partile-partile interation is taken into aount by inluding a frition between the
speies being proportional to the dierenes in the veloities. This approah does not apply
to single-le diusion in a nite system where, as shown below in the framework of the
symmetri simple exlusion proess (SEP), the self-diusivity of single partiles plays an
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FIG. 1: Three-state symmetri exlusion model with open boundaries.
important role in the desription of the marosopi behaviour.
The SEP with one speies of partiles where lassial partiles with hard-ore repulsion
diuse on a nite lattie is well understood [2, 14, 15, 16, 17, 18℄. At both ends the hain
is onneted to a partile reservoir. One is interested in stationary-state properties like
the density prole determined by the reservoir or the stationary partile urrent as well as
the time evolution of the partile density and relaxation towards the stationary state. Our
approah for an adequate desription of the two-speies SEP is a master equation desription
from whih we derive an ansatz of oupled partial dierential equations for the marosopi
density prole.
We onsider a one-dimensional lattie with L lattie sites (Fig. 1). Eah site i an be
empty or oupied by a partile of type A or B. Due to hard-ore interation any site
arries at most one partile. Partiles an hop to nearest neighbour sites (provided the
target site is empty) aording to the onstant hopping rates DA/B. Hene, DA (DB) is the
probability of an A (B) partile to attempt a jump per unit time. The model is dened by
random sequential update whih forbids simultaneous hopping events. Let ai (bi) ount the
A (B) partiles on site i. Then the densities are the expetation values of the respetive
ounters: 〈ai〉 ≡ ρA(i), 〈bi〉 ≡ ρB(i). The probability of nding no partile at site i is
〈vi〉 = 〈1− ai − bi〉. When we onsider a hain with open boundary onditions, partiles are
injeted and removed aording to the boundary rates αA/B, γA/B, βA/B and δA/B, following
the notation of [2℄. The attempt probability per unit time for an A partile to enter the
system at the left boundary is αA. It leaves the hannel at the left boundary aording to
γA as illustrated in Fig. 1. The other boundary rates are dened similarly.
By writing this proess in terms of a quantum Hamiltonian formalism [2℄, the system
evolves in time aording to the master equation
d
dt
|P (t) >= −H|P (t) > (1)
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with the generator
H = b1 + bL +
L−1∑
i=1
hi,i+1. (2)
For an expliit representation of the generator we denote the state of a given site i by the
three basis vetors
|A >≡ |1 >=


1
0
0

 , |∅ >≡ |0 >=


0
1
0

 , |B >≡ | − 1 >=


0
0
1

 (3)
orresponding to having an A, no partile or B at site i, respetively. Let Ex,yk be the 3× 3
matrix with one element loated at olumn x and row y equal to one. All other elements
are zero: (Ex,yk )a,b = δx,aδy,b. The operator for annihilation (reation) of an A partile at
site k is a−k = E
1,2
k (a
+
k = E
2,1
k ) and for annihilation (reation) of B is b
−
k = E
3,2
k (b
+
k = E
2,3
k ).
Finally, the number operators are ak = E
1,1
k , bk = E
3,3
k , vk = 1 − ak − bk. This allows to
ompose the generator of the proess. In this representation the boundary matries are:
b1 = αA(v1 − a
+
1 ) + αB(v1 − b
+
1 ) + γA(a1 − a
−
1 ) + γB(b1 − b
−
1 ) (4)
bL = δA(vL − a
+
L ) + δB(vL − b
+
L) + βA(aL − a
−
L ) + βB(bL − b
−
L) (5)
Hopping in the bulk between site i and i+ 1 ours aording to
hi,i+1 = DA(aivi+1 + viai+1 − a
−
i a
+
i+1 − a
+
i a
−
i+1)
+DB(bivi+1 + vibi+1 − b
+
i b
−
i+1 − b
−
i b
+
i+1). (6)
The model is now well dened. Let us proeed by deriving some equilibrium properties of
the proess.
II. EQUILIBRIUM PROPERTIES
The open system allows for partile exhange at the boundaries. The system is ergodi
and will relax to a unique stationary state determined by the boundary rates. The stationary
state |P ∗ > does not evolve in time and must obey
H|P ∗ >= 0. (7)
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FIG. 2: Three-state symmetri exlusion model with open boundaries  reservoir piture.
Let us seek a produt ansatz for the equilibrium state of the form
|P∗ >=


a
1
b


⊗L
1
(1 + a+ b)L
. (8)
The normalization fator of (8) ensures onservation of probability, i.e. ensures that the
probability of nding the system in any state is one. Plugging the ansatz (8) into (7)
provides a set of equations for the boundary rates and one nds a = αA
γA
= δA
βA
, b = αB
γB
= δB
βB
.
Taking into aount the normalization determines the A and B partile equilibrium densities
ρA =
αA
γA
1 + αA
γA
+ αB
γB
=
δA
βA
1 + δA
βA
+ δB
βB
(9)
ρB =
αB
γB
1 + αA
γA
+ αB
γB
=
δB
βB
1 + δA
βA
+ δB
βB
. (10)
Besides giving the bulk equilibrium densities, the two equations above provide a reipe
of how to translate the piture of inserting and deleting partiles on boundary sites into
a piture of onstant reservoirs at the ends, Fig. 2. In equilibrium the bulk ontains no
orrelations between dierent lattie sites and the same holds for the boundary and their
adjaent sites. Therefore, jumping from a boundary site into the hain ours proportional
to the respetive hopping rate and proportional to the single speies boundary density.
Therefore, given a set of onstant boundary rates, Eqs. (9) and (10) dene the densities of
a virtual partile reservoir at the respetive boundaries.
Note that for this interpretation the left reservoir densities ρ−A, ρ
−
B do not need to be
equal to their fellows on the right edge (ρ+A, ρ
+
B). In this ase the system evolves towards a
orrelated non-equilibrium stationary state with non-vanishing partile urrents. The seond
and last terms of (9) and (10) are then stationary densities on the left and right edge of the
system. This parameterisation satises (9) and (10) if
αA/B = DA/Bρ
−
A/B, γA/B = DA/B(1− ρ
−
A − ρ
−
B) (11)
δA/B = DA/Bρ
+
A/B, βA/B = DA/B(1− ρ
+
A − ρ
+
B). (12)
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III. HYDRODYNAMIC LIMIT
The average densities 〈ai〉 and 〈bi〉 satisfy the equations of motion
d
dt
〈ai〉 = −〈aiH〉,
d
dt
〈bi〉 = −〈biH〉 (f. [2℄). This provides the Master equations for a single site,
d
dt
〈ai〉 = DA (〈ai−1vi〉+ 〈ai+1vi〉 − 〈aivi+1〉 − 〈aivi−1〉) (13)
d
dt
〈bi〉 = DB (〈bi−1vi〉+ 〈bi+1vi〉 − 〈bivi+1〉 − 〈bivi−1〉) . (14)
From now on we disuss the ase of equal hopping rates DA = DB = D. Imagining the
individual partile speies A and B to be distinguishable by a olour (in an abstrat sense)
we shall refer to the total partile density (averaged over A and B partiles) as olourblind
density.
Let us rst assume an innite system and do not are about boundary sites. But still,
in this form the equations of motion are not integrable. Replaing the joint probabilities by
produts of expetation values, aording to a mean eld ansatz whih has been proven to
be useful in other systems, fails. However, an exat equation ontaining no orrelators an
be ahieved from a sum of both
d
dt
(〈ai〉+ 〈bi〉) = D (〈ai−1〉+ 〈ai+1〉 − 2 〈ai〉+ 〈bi−1〉+ 〈bi+1〉 − 2 〈bi〉) . (15)
The right-hand side ontains a seond-order dierene for both speies individually. (15)
is the disrete analogue of the diusion equation for the olourblind marosopi prole.
Introduing a lattie onstant a and replaing i by the ontinuous variable x = i
a
, transforms
(15) for the hydrodynami limit of vanishing lattie onstant a into
∂t (ρA(x, t) + ρB(x, t)) = D∂
2
x(ρA(x, t) + ρB(x, t)). (16)
for the marosopi partile densities ρA(x, t), ρB(x, t).
Following the argument of [19℄ we make an ansatz for the dynamis of a single partile
loalized at position x. For a short-time region this partile ats as a traer partile in the
bakground of other partiles with the self-diusion oeient DS(x, t). Going beyond [19℄
we argue that for the nite-size problem with open boundaries DS is given by expression
DS = D
1− ρA − ρB
ρA + ρB
1
L
. (17)
derived originally for a periodi lattie [16℄. Additionally, the test partile is subjeted to a
drift b aused by the evolution of the entire system towards its stationary state. For a good
6
intermixed bakground one would expet the drift veloity b to be the same for both speies
of partiles. We thus arrive at the ansatz
∂tρA(x, t) = ∂
2
xDSρA(x, t)− ∂xbρA(x, t) (18)
∂tρB(x, t) = ∂
2
xDSρB(x, t)− ∂xbρB(x, t). (19)
The self-diusion oeient DS as well as the drift b are funtions of ρA and ρB and hene,
depend impliitly on x and t. The drift term an be determined by using the olourblind
exat result (16) and one nds
b =
1
ρ
∂x [ρ(DS −D)] . (20)
This ompletes the hydrodynami desription of the two-omponent symmetri exlusion
proess with open boundaries that we propose. A derivation of DS on a nite lattie with
two dierent partile speies [20℄ will be presented in a forthoming paper [21℄.
IV. STATIONARY STATE
It is a signiant property of partile systems with open boundaries that they an relax to
a steady state with non-vanishing partile urrents. The stationary state of the olour-blind
prole ρ = ρA + ρB is linear with the slope being determined by the sum of the boundary
densities on the left (ρ− = ρ−A + ρ
−
B) and on the right edge (ρ
+ = ρ+A + ρ
+
B) of the system
whih is manifest by (16),
ρ = ρ− +
(
ρ+ − ρ−
) x
L
. (21)
Integrating (18) one for vanishing time derivative yields
d
dx
ρA +
(
D
DS
− 1
)
ρ′
ρ
ρA +
jA
DS
= 0. (22)
where jA is the onstant A-partile urrent. Absorbing ρ
−
A into the integration onstant
yields the solution
ρA(x) =
ρ(x)
ρ−
[
−
LjAρ
−
D(ρ+ − ρ−)
+
(
ρ−A +
LjAρ
−
D(ρ+ − ρ−)
)(
1− ρ(x)
1− ρ−
)L]
ρ+ 6= ρ−. (23)
The rst term is linear in x and desribes the bulk region. The nonlinear seond term
desribes a boundary layer, rst observed numerially in the Rubinstein-Duke model [11℄
7
for dierent boundary rates. Our analysis shows that the length of the boundary layer does
not sale with system size. This an be seen by rewriting (23) for suiently large L and
assuming ρ+ > ρ−:
ρA(x) =
(
1 +
ρ+ − ρ−
ρ−
x
L
)(
−
LjAρ
−
D(ρ+ − ρ−)
+
(
ρ−A +
LjAρ
−
D(ρ+ − ρ−)
)
e
−
ρ+−ρ−
1−ρ−
x
)
ρ+ > ρ− (24)
The loalization length
ξ =
1− ρ−
ρ+ − ρ−
(25)
does not depend on the system size. In the limit of innite L the relative size of the
boundary layer vanishes and the linear solution onnets to the reservoir densities by a
jump disontinuity at one of the edges. For ρ+ > ρ− the exponential in (24) dominates for
small x and the disontinuity is loated on left boundary. The ase ρ+ < ρ− is similar, but
the disontinuity is at the right edge.
The ase of equal reservoir densities ρ+ = ρ− = ρ has to be treated separately. The
self-diusion oeient is onstant, hene, the b in (18) vanishes. Integrating (18) with
ρA(0) = ρ
−
A yields the linear density prole
ρA(x) = ρ
−
A +
(
ρ+A − ρ
−
A
) x
L
(26)
and a similar expression for the density of B-partiles.
Fig. 3 shows the A and B partile densities obtained from Monte Carlo simulations
(symbols) and the theoretial stationary state solutions (solid lines). The expliit expressions
for the partile urrents are given below. We apply the same set of reservoir densities
ρ−A = ρ
−
B = 1/3, ρ
+
B =
e
1+e−1+e
and ρ+A =
e−1
1+e−1+e
used in Fig. 9 of [11℄. This hoie is
motivated by boundary rates used in the Rubinstein-Duke model for desribing the tensile
fore ating at the hain ends of reptating polymers. The dierent lattie sizes a) L = 50
and b) L = 200 demonstrate the nite-size harater of the boundary layer. The theoretial
solution does not ontain an inetion point and deviates slightly from simulations in the
immediate viinity of the boundary. Nevertheless, an interesting observation aptured by
the theoretial desription is onrmed. The solution has a minimum in the density prole
(although not very pronouned in the sample A-prole of Fig. 3) and, hene, as in the
Rubinstein-Duke model there exists a region where one of the partile urrents does not
follow the diretion of the density gradient.
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FIG. 3: Stationary state with nite slope of the olour-blind density. a) L = 50, b)
L = 100. The boundary densities are ρ−A = ρ
−
B = 1/3, ρ
+
A =
e
1+e−1+e
and ρ+A =
e−1
1+e−1+e
.
We onlude by analyzing the behaviour of the urrent and the mean partile density in
the system. Using (23), (26) and taking into aount the A partile reservoir density on the
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right edge gives the urrent
jA =


−D(ρ
+
−ρ−)
L
ρ
+
A
ρ+
−
ρ
−
A
ρ−
„
1−ρ+
1−ρ−
«L
1−
“
1−ρ+
1−ρ−
”L ρ+ 6= ρ−
− D
L2ρ
(ρ+A − ρ
−
A)(1− ρ) ρ
+ = ρ−
(27)
This has an interesting onsequene. Considering large L (27) simplies asymptotially to
jA =


−D
L
(ρ+−ρ−)ρ+A
ρ+
ρ+ > ρ−
−D
L
(ρ+−ρ−)ρ−
A
ρ−
ρ+ < ρ−
− D
L2ρ
(ρ+A − ρ
−
A)(1− ρ) ρ
+ = ρ−.
(28)
Hene, provided a nite slope of the olour-blind prole, the individual partile urrents
are proportional to 1/L, as for the single-omponent ase, whereas for ρ+ = ρ− the urrents
vanish proportional to 1/L2.
We make an interesting observation if the relation ρ−Aρ
+
B = ρ
+
Aρ
−
B is satised. For this
partiular ase the individual density proles are linear and the partile urrents are just
proportional to the respetive density gradients (Fik's law). If the relation does not apply
we observe a boundary layer inside whih the urrent ows against the loal gradient. Here
Fik's law is violated.
Finally, the mean A-density in the hannel an be obtained by integrating (24). Asymp-
totially for large L one nds from (28)
ρA =


ρ+A(ρ
−+ρ+)
2ρ+
ρ+ > ρ−
ρ−A(ρ
−+ρ+)
2ρ−
ρ+ < ρ−
ρ−A+ρ
+
A
2
ρ+ = ρ−.
(29)
The mean A-density evaluated as a funtion of the boundary densities may have a disonti-
nuity. Assume ρ− and ρ−A 6= ρ
+
A be xed. When taking the limit ρ
+ → ρ− oming from small
ρ+ the total density approahes ρA → ρ
−
A. Taking the limit from the other site, ρA → ρ
+
A.
There is a jump of the mean A-density when the olour-blind boundary densities beome
equal. Sine the olour-blind density is the sum of A and B densities, this implies a jump dis-
ontinuity also in the mean B-density. Therefore there is a rst-order nonequilibrium phase
10
transition in this boundary-driven lattie gas model for two-omponent single-le diusion.
Suh a transition is not known for boundary-driven one-omponent systems.
Aknowledgement: Finanial support by the Deutshe Forshungsgemeinshaft is grate-
fully aknowledged. We also thank Rosemary Harris, Jörg Kärger and Henk van Beijeren
for useful disussions.
[1℄ T. M. Liggett, Interating Partile Systems, Springer, New York (1985).
[2℄ G. M. Shütz, in Phase Transitions and Critial Phenomena 19, 1, C. Domb and J. Lebowitz
(eds.), Aademi Press, London 2001.
[3℄ J. Kärger and D.M. Ruthven, Diusion in Zeolites and Other Miroporous Solids, Wiley: New
York 1992.
[4℄ S. Vasenkov, J. Kärger, Phys. Rev. E 66 (2002) 052601.
[5℄ V. Kukla, J. Kornatowski, D. Demuth, I. Girnus, H. Pfeifer, L. V. C. Rees, S. Shunk, K.
Unger and J. Kärger, Siene 272 (1996) 702.
[6℄ Q-H. Wei, C. Behinger and P. Leiderer, Siene 287 (2000) 625.
[7℄ G. M. Shütz, J. Phys. A 36 (2003) R339
[8℄ M. Rubinstein, Phys. Rev. Lett. 59 (1987) 1946.
[9℄ T.A.J. Duke, Phys. Rev. Lett. 62 (1989) 2877.
[10℄ G.T. Barkema and G.M. Shütz, Europhys. Lett. 35, 139 (1996).
[11℄ A. Drzewinski, E. Carlon, J. M. J. van Leeuwen, Phys. Rev. E 68 (2003) 061801.
[12℄ K. F. Czaplewski, T. L. Reitz, Y. J. Kim, R. Q. Snurr, Miropor. Mesopor. Materials, 56
(2002) 55.
[13℄ F. Keil, R. Krishna, M.-O. Coppens, "Modeling of diusion in zeolites", Rev. Chem. Eng. 16
(2000)
[14℄ F. Spitzer, Adv. Math. 5 (1970) 246.
[15℄ H. Spohn, J. Phys. A 16 (1983) 4275.
[16℄ H. van Beijeren, K. W. Kehr, R. Kutner, Phys. Rev. B 28 (1983) 5711.
[17℄ G. Shütz, S. Sandow, Phys. Rev. E 49 (1994) 2726.
[18℄ T.M. Liggett: Stohasti Interating Systems: Contat, Voter and Exlusion Proesses
(Springer, Berlin, 1999).
11
[19℄ J. Quastel, Comm. Pure Appl. Math. 45 (1992) 623-679.
[20℄ A. Brzank, Moleular tra ontrol and single-le diusion with two speies of partiles, PhD
Thesis, Universitaet Leipzig.
[21℄ A. Brzank, D. Karevski and G.M. Shütz, unpublished.
12
